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Abstract—This paper considers an unmanned aerial vehicle
(UAV)-assisted sensing and communication framework that inte-
grates an active reconfigurable intelligent surface (RIS). We aim
at maximizing the sum of the minimum signal-to-interference-
plus-noise ratios (SINRs) of user equipments within the whole
integrated sensing and communication period by coordinating the
optimization of several components: the transmit beamforming
matrix and receive filter at a base station serving dual roles
in radar and communication, the reflection coefficients of the
active RIS mounted on the UAYV, and the UAV’s trajectory.
The non-convexity of the objective function, combined with
the intricate dependencies among variables, makes the problem
highly complex. To address these complexities, a novel alternat-
ing optimization approach is introduced, combining techniques
such as generalized Rayleigh quotient optimization, semidefinite
relaxation, majorization-minimization methods, and sequential
quadratic programming. Numerical experiments validate the
proposed method, showing substantial SINR improvements com-
pared to benchmark solutions that use fixed UAV trajectories,
active RIS, passive RIS, or randomly configured phase shifts.

Index Terms—max-min fairness, reconfigurable intelligent sur-
face (RIS), unmanned aerial vehicle (UAV), active RIS, integrated
sensing and communication (ISAC).

I. INTRODUCTION

As we move towards the next frontier in wireless com-
munication, sixth generation (6G) networks are expected to
revolutionize how we connect, interact, and communicate.
With the anticipated demands for robust, low-latency com-
munication, widespread connectivity, and improved sensing
capabilities, 6G requires the integration of multiple technolo-
gies that can seamlessly support both communication and
sensing within a unified framework [1], [2]. This concept is
encapsulated in integrated sensing and communication (ISAC),
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where wireless systems not only transmit data but also si-
multaneously sense their environment, enabling a variety of
cutting-edge applications including autonomous systems, real-
time situational awareness, and intelligent environments. By
merging communication and sensing in a single network,
ISAC systems promise to optimize spectrum usage, reduce
hardware complexity, and unlock new paradigms in wireless
connectivity [3], [4].

A critical enabler for ISAC systems is reconfigurable intel-
ligent surface (RIS) which plays a pivotal role in advancing
wireless communication systems through two distinct yet
complementary functions [5], [6]. Firstly, RIS dynamically
optimizes the channel’s scattering environment, mitigating
multipath interference and significantly improving the system’s
multiplexing gain [7], [8]. Secondly, RIS possesses the ability
to precisely steer the propagation of signals and coherently
combine their in-phase components within a three-dimensional
space, thereby dramatically enhancing the intensity of the
received signals [9]. This dual functionality enables RIS to el-
evate communication performance to new heights, particularly
in complex propagation scenarios [10]. In ISAC, passive RIS
can significantly enhance the reliability of both communication
and environmental sensing, as demonstrated in [11], where,
by modifying the phase and reflective properties of signals,
RIS can enable better detection and localization, making it
an indispensable component for achieving efficient commu-
nication and accurate environmental sensing. Similarly, the
study in [12] introduced an advanced optimization algorithm to
improve multi-target detection and multi-user communication
performance by using passive RIS.

In addition to RIS, unmanned aerial vehicles (UAVs) have
gained significant attention as versatile mobile platforms capa-
ble of enhancing wireless coverage and network adaptability
[13], [14]. When integrated with RIS, UAVs transform into
agile relay stations that can dynamically adjust the wire-
less channel from an aerial vantage point [15]-[17]. This
combination of UAVs and RIS enables the network to re-
spond in real-time to fluctuations in the wireless environment,
addressing challenges such as signal blockage, interference,
and coverage gaps. The integration of RIS-carrying UAVs
within an ISAC framework can adjust beam patterns and
control radio wave propagation in real-time, supporting the
ISAC framework by offering a powerful solution to optimize
both network performance and user fairness, thus ensuring
seamless communication even in complex or rapidly changing
network conditions. For instance, the authors of [18] designed
an energy-efficient mobile edge computing (MEC) system



supported by aerial RIS, to boost energy efficiency by refining
the UAV’s flight path and RIS beamforming strategies.

Active RIS extends the concept of passive RIS by incor-
porating active elements, allowing for more sophisticated and
adaptable manipulation of the electromagnetic environment.
Unlike passive RIS which only reflects signals, active RIS
can both amplify and reflect signals, offering enhanced control
over channel conditions. Although passive RIS is recognized
for its energy-efficient operation and its capability to manipu-
late electromagnetic waves without active signal amplification,
the effectiveness of passive RIS is inherently limited by the
double path loss effect, making it challenging to achieve sub-
stantial performance gains without resorting to large-scale RIS
configurations [19], [20]. In contrast, active RIS overcomes
these challenges by providing signal amplification, resulting in
enhanced coverage, better signal strength, and more efficient
resource utilization. Recent studies in [21] and [22] highlight
the remarkable benefits of employing active RIS in ISAC
systems, including improved data throughput, better network
reliability, and enhanced sensing accuracy.

By integrating active RIS with UAVs and leveraging the
synergy between communication and sensing, our work ex-
plores the performance of max-min fairness in an active aerial
RIS (ARIS)-aided ISAC network. The objective is to ensure
fair performance by boosting the lowest SINR experienced by
user equipment (UEs) while enhancing both communication
and sensing capabilities. Through the combination of active
RIS, UAYV, and ISAC, this work aims to provide insights into
the potential of this advanced network paradigm for future
wireless communications.

A. Related Work

The rapid evolution of ISAC systems, coupled with the
deployment of RIS, is transforming modern wireless networks,
particularly in enhancing signal quality and resource efficiency
[23]. RIS uses programmable meta-atoms to adjust the phase
and direction of reflected electromagnetic waves. RIS is com-
monly classified into two main types: passive RIS which
reflects signals, and active RIS which amplifies and reflects
signals, are both utilized to improve performance, especially
in challenging environments [19], [20].

Numerous studies have explored the use of RIS in fixed
infrastructures like walls or rooftops to reflect and steer signals
towards users. For instance, the authors in [24] and [25]
demonstrated that passive RIS has shown its potential in im-
proving signal strength, minimizing power consumption, and
extending coverage, especially in high path-loss or interference
areas. Furthermore, the authors in [26] showed that employing
passive RIS can help optimize downlink communication and
radar performance, minimizing multi-user interference (MUI)
in ISAC systems. Another investigation in [27] examined how
RIS supports wireless networks in secure scenarios, optimizing
the service quality for standard UEs while ensuring a secure
rate for confidential UEs and minimizing the transmit power
of the base station (BS). However, passive RIS has certain
limitations, including its inability to amplify signals, limiting
its effectiveness in dynamic or high path-loss environments.

To address this, active RIS has been explored as an efficient
solution. Active RIS can enhance throughput and reliability by
compensating for weak signals and reducing interference [21].
In [28], the authors proposed a unified framework combining
transmit precoding at the BS and active RIS beamforming.
Their approach aimed to optimize both parameter estimation
accuracy and signal-to-interference-plus-noise ratio (SINR)
performance by employing an alternating optimization strategy
grounded in semidefinite relaxation (SDR) and majorization-
minimization (MM) techniques. Similarly, the study in [29] ex-
plored how fairness can be achieved in ISAC systems through
the integration of simultaneous transmitting and reflecting
RIS and non-orthogonal multiple access, effectively mitigating
interference.

The concept of mounting RIS on UAVs has garnered at-
tention due to its mobility and flexibility. Specifically, passive
RIS mounted on UAVs can dynamically optimize signal re-
flection based on UE locations and environmental conditions.
For example, the authors in [18] investigated UAV-mounted
RIS systems for MEC, aiming to enhance energy efficiency
through the strategic adjustment of RIS phase configurations
and the optimization of UAV’s trajectory. In [30], the authors
focused on maximizing the aggregate data rate for ground
users by strategically optimizing UAV positioning, configuring
the RIS phase shifts, and allocating sub-channels efficiently.
Similarly, the authors in [31] concentrated on achieving max-
min throughput for mobile vehicles by coordinating RIS
phase adjustments, scheduling strategies, UAV’s trajectory,
and BS’s power allocation. These efforts are foundational
for achieving fair resource distribution and optimizing system
performance, which align with the objective of max-min
fairness. In [32], UAV-mounted RIS systems were employed
to optimize line-of-sight (LoS) conectivity between BSs and
UEs by minimizing UAV requirements and enhancing overall
network performance by minimizing the number of needed
UAVs, which is a step toward optimizing network efficiency.
The active nature of these systems allows for greater control
over the signal propagation, resulting in optimal spectrum
utilization and higher communication performance. However,
the complexity of implementing active components and the
increased power consumption of such systems remain key
challenges for practical deployment.

In recent years, research has expanded to explore the
potential of active RIS mounted on UAVs. ARIS has the
advantage of dynamic signal amplification and reconfiguration,
which can greatly improve the network coverage in high
path-loss areas and ensure better performance for UEs with
poor signal conditions. The authors in [33] proposed a secure
communication framework using an ARIS, which integrates
sensing, positioning, and power beamforming to protect pri-
vacy information against mobile eavesdropper. In summary,
while recent studies have explored UAV-mounted RIS systems
for enhancing wireless communication and sensing in ISAC
networks, the literature on this topic remains limited. Existing
research primarily focuses on optimizing UAV placement,
RIS’s phase shifts, and beamforming to improve signal quality,
coverage, and resource efficiency. However, an important open
issue is the need for further investigation into the role of



ARIS in these systems, particularly in achieving fairness and
enabling dynamic adaptation to changing environments.

B. Motivations and Contributions

In [22], authors aimed to optimize radar SINR by refining
both the beamforming matrix at the dual-functional radar and
communication BS (DFRC-BS) and the reflection parameters
of the active RIS. Similarly, [21] proposed a joint optimization
strategy involving the transmit beamformer, active RIS reflec-
tion matrix, and radar receive filter in ISAC systems. Their
proposed algorithm effectively enhanced radar output signal-
to-noise ratio (SNR), showcasing notable performance gains.
Although these works focus on maximizing the SNR or SINR
for radar and communication UEs, they do not directly address
the user fairness problem, which remains a key challenge in
practical deployment. Moreover, these studies typically assume
fixed RIS configurations, neglecting the dynamic potential
offered by mobile RIS platforms like UAVs.

This paper investigates max-min SINR optimization for
communication UEs in an ISAC system with UAV-mounted
active RIS. The key focus of our work is to maximize the
sum of minimum SINRs of the worst-performing UEs within
the whole ISAC period, ensuring equitable service across all
UEs while satisfying radar quality requirements. Our approach
jointly optimizes the beamforming matrix and the receive filter
at the BS, along with the reflection coefficient matrix at the
ARIS, while also adhering to the power constraints at both the
BS and ARIS. Unlike prior works that target SNR for the radar,
we prioritize ensuring a minimum SINR for communication
UEs, which is crucial for guaranteeing fairness in multi-user
systems. The contributions of this work are outlined below:

o We address the challenge of maximizing the sum of
minimum SINRs for communication UEs within the
whole ISAC period in the ISAC system supported by an
active RIS mounted on a UAV. The optimization involves
the joint design of the BS’s transmit beamforming and
receive filter, the configuration of the active RIS’s am-
plification and phase adjustments, and determining the
UAV’s trajectory, while ensuring compliance with power
limits, SINR requirements for users and radar targets, and
UAV’s trajectory.

« An efficient alternating optimization (AO) algorithm is
proposed to solve the non-convex optimization problem
by leveraging the generalized Rayleigh quotient opti-
mization, SDR, MM framework, and sequential quadratic
programming (SQP) for the joint design of the receive
filter and transmit beamforming of the BS, amplification
and phase shift matrix of the active RIS, and the UAV’s
trajectory.

« Simulation results confirm the swift convergence of the
proposed approach and highlight a substantial enhance-
ment in minimum SINR, surpassing baseline methods
with fixed UAV trajectories, passive RIS, or arbitrary
phase shift configurations.

The paper is organized as follows: Section II presents the

system model, and Section III outlines the formulation of the
max-min SINR problem for communication UEs. Section IV

Fig. 1. Active RIS-mounted UAV-aided ISAC system model.

introduces the proposed AO algorithm designed to address
the optimization challenge. Numerical results evaluating the
performance of the AO algorithm are discussed in Section V.
Finally, section VI concludes the paper.

C. Notations

Vectors and matrices are denoted by bold lowercase and
uppercase letters, respectively. The space of N x 1 complex-
valued vectors is represented as CV*!, while CV*M represents
the set of N X M complex-valued matrices. The Hermitian
transpose, trace, and rank of a matrix W are denoted by
WH_ Tr(W), and Rank(W), respectively. A matrix W is
positive semidefinite if W > 0. The expectation operation is
represented as E[-], and diag(¢) creates a diagonal matrix with
the elements of vector ¢ on its diagonal. The Euclidean norm
of w is written as ||w||, while Iy denotes the N X N identity
matrix. The magnitude of a complex number a is represented
by |al.

II. SYSTEM MODEL

Fig. 1 depicts the proposed active RIS-mounted UAV-
aided ISAC system model. The system comprises a DFRC-
BS, equipped with M = {1,..., M} number of transmit-
ting/receiving antennas, serving K = {1,...,K} UEs each
equipped with a single antenna, while concurrently performing
a single target detection. We assume that the communication
UEs have both LoS and non LoS connections, whereas the
direct path between the DFRC-BS and the target is assumed
unavailable. To boost system performance, the ARIS facilitates
communication when LoS connections between the BS and
UEs or the target are obstructed. In particular, the ARIS
consists of N elements, indexed by N = {1,...,N} and is
supported by an additional power source. We assume that the
ARIS operates in a 2D plane at a fixed altitude, starting from
an initial location q;,; = [x;,y;]. The ISAC period, denoted
by Ty, is evenly divided into T discrete time slots, each with
a fixed duration 5, i.e., Tp = T7n. At time slot ¢, the UAV’s
position is denoted by q; = [x;,y;]. Furthermore, we also
assume that UAV flies within the specified area X XY, which
is as follows:

Q@ eEXXY, Vie{l,2,...,T}. (1)



Due to the limited velocity of the ARIS, the velocity is
subject to

—qr-1ll £ qumax, Ye={2,...,T}, 2)

where vy, represents the maximum permissible velocity of
the ARIS. The propulsion energy consumed by the ARIS
during flight depends on its speed, acceleration, and flight
duration. The flight energy consumption of ARIS at time slot
t can be modeled as [34]-[36]

lla

1
3v? U4 2\’
EARIS — | py L+ 5|+ P4 1+—4——’2 +oul |n, 3
tip 4'UO 2v

where Py, P1, Uyip, Vo, and g are constants related to the ARIS
aerodynamics, v, is the speed of the ARIS, v, = M.
Standard parameter values in (3) are listed in Table I [37]

TABLE I
STANDARD PARAMETER VALUES FOR (3)
Parameter Value
Py 80 W
Usip 120 m/s
120 4 m/s
Umax 20 m/s
Py 3143 W
© 0.0046 kg/m

The transmitted signal at time slot ¢ is represented by
x; € CM*1 and it can be mathematically expressed as a
superposition of the beamformed sensing and communication
components

Xy = Wk,tsk,t

N—
Communications signal

+ Ws’tss’t = Wtst,
————
Radar signal

where s, € CK*! and s, € CM*! represent the transmitted
communication and sensing symbols, respectively. Further-
more, Wy, € C¥*K and W, € CM*M are the transmit
beamforming and sensing matrices at time slot #, respectively.
The transmit signal can be represented by its covariance
matrix, defined as

K
R(W,) = B[xx{] = W,W{ =W, W + > Re,,  (4)
k=1

where the rank-1 matrix Ry, is defined as Ry ; = wk,twf /o
and the received signal at the k-th UE at time slot ¢ is
represented as

Ykt = hB k, IX[ + h (DthXl» + hf{k’t(l)tzo + | LV (5)

r.k,t

where hp;, € CM*1 G, € CV*M and h,;, € CNX!
represent the communication links from the BS to the k-th UE,
between the BS and the ARIS, and from the ARIS to the k-th
UE at time slot ¢, respectively. It is assumed that the DFRC-BS
has perfect knowledge of the channel state information (CSI)
for the aforementioned channels, achieved through effective
channel estimation methods [22].

We consider a general urban micro-cellular (UMi) scenario,
the large-scale path loss for communication links, denoted by
P, can be modeled as follows:

pe [dB] = 10w log, (Z ) +p + 10y log, (J}) +7aBG, (6)

where @ and p denote the distance and frequency dependency
coefficients, respectively. p is a fixed offset for path loss in dB,
maBg represents the log-normal shadow fading with standard
deviation o, d; is the distance between the transmitter and
receiver, f is the carrier frequency, and dy = 1m and fy = 1
GHz are reference values [38].

Since the communication UEs are typically located on
the ground with densely surrounded scatters, Rayleigh fading
channel models are employed for both hp i, and h, x ;.
The channel between the BS-ARIS, denoted as G;, follows
a Rician fading model, which encompasses both the LoS
component Gy ios and the non-LoS (NLoS) Rayleigh fad-
ing component G nLos. The LoS component is modeled
as Gyros = aris(Oris)ak(0ps), where agss(Orzs) and
ap S(G ps) are the array response vectors of the BS antennas as
well as the RIS, respectively. Furthermore. the NLoS fading
component is denoted as G;npos ~ CN(0,Xgss ® Xps),
where Xgys and Xpg are the spatial correlation matrices at
the RIS and BS, respectively.

Furthermore, the ARIS’s reflection beamforming matrix is
denoted as ®, € CNVXN | where ®, £ diag{¢,} is reflection
matrix of the ARIS, where ¢; = [¢1;..., on ,]". Since ARIS’s
elements have the capability to both intelligently adjust the
phase of incoming signals and amplify the reflected ones,
the reflection coefficient of the n-th element of the ARIS is
represented as ¢,, = ae/?mt, Vn. Here, the amplitude a,
can be continuously varied within the range a, € (0, amax],
where amax > 1 represents the maximum signal amplification
provided by the amplifier. Furthermore, zg ~ CN (0, 0'31 N) €
CN*1 represents the ARIS noise, where I is the identity
matrix of size N. The vector ng; ~ CN (0, o-k ,) denotes the
additive white Gaussian noise at the k-th UE. Based on (5),
the SINR of the k-th UE at time slot ¢ is determined as

H
by’ Ry ey

SINR (Wi, ¢1) = ;
hgt(R ~Ri )y +o2h @, ®fh, , + o?

@)
where we define the composite channel from the BS to the
k-th UE as hi!, = hjj,  +h! @G, It is assumed that
the array response or steering vector corresponding to the
angle-of-arrival (AoA) or angle-of-departure (AoD) of interest
is known in advance, and the ARIS-to-target link exhibits a
LoS condition. For a NLoS BS-to-target link, the echo signal
received via the BS-ARIS-target-ARIS-BS path at time slot ¢
can be expressed as

ys,t = GtH(Dt[ r,s tﬁhr s, rq)t(GtXt + ZO) + Zl] + N, (8)

where 8 represents the amplitude of the target’s radar cross-
section (RCS), with an expected value given by B{g?} = £2.
The channel between the ARIS and the target is h,  , €
CN*!. The response matrix associated with the target and



SNRy,; (vi, Wy, @) =

SV BW, |2

b
IVHCPo2 + [VAEPo2 + [V 2o}

VHEBW, WHBH Yy,

vH (02 CCH + 02 EEH + 021y )V,

(10)

the ARIS is expressed as A = ph, hf , e CV*N
Furthermore, z; represents the dynamic noise introduced by
the ARIS on the returning radar signal, which is assumed
to be independent and has the same distribution as zg. A
complex Gaussian distribution with mean 0 and covariance
o2, times the identity matrix of size M is followed by the
noise term n; ~ CN (Oy,021y) € CM¥*1. Since the DFRC-
BS has complete knowledge of the transmitted signal in a
co-located radar sensing setup, it identifies the first term in
(9), which encompasses both the communication and sensing
components, as the desired signal for target estimation, while
treating the remaining terms as noise [21], [28]. The radar
output signal at the DFRC-BS, obtained by processing the
received signal y, , € CM*! using the receive filter v, € CM*!,
at time slot ¢ is given as

vy, = BviIBx, + pvH Czo + v/ Ez; +v{n,.

€))

For brevity we define the equivalent channel matrix B £
Gl ®,A®,G,, C 2 GF®,A®,, and E 2 G ®,. Thus, the
target SNR at time slot 7 is formulated as (10) and is displayed
at the top of this page.

III. PROBLEM FORMULATION

The objective is to maximize the sum of minimum SINRs
of UEs within the whole ISAC period in an ARIS-assisted
ISAC system while satisfying the communication and sensing
quality of service (QoS) requirements. This is achieved by
jointly optimizing the receive filter v;, transmit beamforming
W,, ARIS reflection coefficient ¢;, and the trajectory of the
UAV (. Accordingly, the optimization problem is formulated
as

T
wmEx Z} (min  SINRy. (W, ¢,) (11a)
st Tr(R(W,)) < Pgg, Vt (11b)
P(W:, ¢:) < Pris, Vt (11c)
SINRy,(W;, ¢,) > Ty, Vk €K, (11d)
SNRS,t(VhWt’ ¢t) > FS’ (lle)
4 € X XY, Vi (119
ap < Amax, VR eEN, (11g)

T
Z EMRIS(q) < g™, (11h)

t=1
g —aill _, i

n

where

P(W:, ¢:) :”‘DthWt”]zv + ”(I)IA(I)thWt“%J‘

Variables

Receiver filter v

Transmit beamforming W |<—

Optimization Objective Challenging

Maximize the
minimum SINR among
multiple UEs

Variable coupling and
non-convex

—

Phase Shift matrix ¢

]

UAV Trajectory Q

Variables optimization

Sub-problem 1: Given W, ¢, and
UAV trajectory Q, optimizing the v
via generalized rayleigh quotient
optimization

Sub-problem 2: Given ¢, v, and

—>{ UAV trajectory Q, optimizing W via [«—
Problem SDR
Decomposition

Sub-problem 3: Given v, W, and
—>{ UAV trajectory Q, optimizing ¢ via [«——
MM framework

Alternating
optimization

Sub-problem 4: Given v, W, and ¢,
optimizing Q via SQP

Fig. 2. Design framework of the proposed alternating optimization approach
for ARIS-aided ISAC system.

+ 02| DAD, |7 + 2072 || D, |3 (12)

The constraints (11b) and (11c) define the power limits
at the BS and the ARIS, with Pgg and Pgrjs representing
their respective maximum allowable power consumption. The
constraints (11d) and (11le) guarantee the QoS for both the
UEs and the target by ensuring that their SINR and SNR
meet or exceed the predefined thresholds, I'; for each UE and
I’y for the target, respectively. The constraint (11f) restricts
the horizontal position of the active RIS-equipped UAV to
a designated valid area. Next, the constraint (11g) ensures
that the amplification factor for each ARIS element does not
exceed the maximum limit, apyax. Finally, constraints (11h) and
(11i) represent the ARIS energy limitation and the maximum
allowable flying speeds, respectively. The problem (11) is
evidently non-convex and complicated to handle due to the
non-convex objective function and the constraints (11c), (11d),
(11e), and (11h).

IV. PROPOSED SOLUTION

This section introduces an alternating optimization to tackle
the intricate problem (11), as illustrated in Fig. 2. The
problem is divided into four subproblems, with each opti-
mization process is updated iteratively using advanced tech-
niques, including generalized Rayleigh quotient optimization,
SDR, the MM framework, and SQP. At iteration o, let
(vt(g),Wt(g), ¢>t(9 ), qig)) represent the feasible point for prob-
lem (11) obtained from the (o — 1)-th round. Firstly, problem
(11) is solved to obtain the optimal solution (v}) for given

(Wt(g),gbt(g),qt(g)). Secondly, we update VI(QH) == vy and



solve (11) to achieve the optimal solution W} for given
(V2D W 4 () Thirdly, we update W) = W
and solve (11) to derive the optimal solution ¢} for given
(VI(QH),WI(QH), ;Q),qt(g)). Finally, we update ¢§Q+l) = ¢F

and solve (11) to get the optimal solution qf for given
(v t(9+1) W(Q+1) ¢(9+1) (9))

A. Receive Filter Optimization

For given (W(Q) ¢(Q), t(g)) and from the problem (11), it
is clear that only constraint (11e) involves v;. As a result, the
optimization of v, at iteration o + 1 can be reformulated as a
problem of maximizing the SNR; ;(v;, W;, ¢;), given as

§, vAFy,

N VHEY, ()
where F = BW @ (W@HHBH ¢ CcMXM gpd = =
2 2 CCH + 0'2 EE? + 021, € CM*M Tt is evident that
F and =Z are Hermman matrices, where 2 is also positive
semidefinite. Therefore, problem (13) can be classified as a
generalized Rayleigh quotient optimization problem, which
is a well-established area in optimization research [39]. The
eigenvector of E~'F associated with the maximum eigenvalue

represents the optimal solution.

B. Transmit Beamforming Optimization

(o+1) W(@) ¢(9)

For given (v, t(g) ), problem (11) at itera-

tion o + 1 can be rewritten as

Wy vt Z min SINRy, (Wi, 62 (14a)
st. Tr(R(W,)) < Pys, V1, (14b)
P(W,, ') < Pris, Vt, (14c)
SINR (W, $'9)) > Ty, Vk € K, V1, (14d)
SNR,,(v\¢*V W, ¢{®) > T, 1, (14e)
where

P(Wi, 6,9) =@ GW, |} + | @7 ADZ GW, |1}

+ 02| @A D3 + 202D |12, (15)

The challenge in addressing (14) arises from the non-
concavity of the objective function (14a) and the non-
convexity of the constraints (14d) and (14e). To overcome this,
an auxiliary variable 7, is introduced, allowing the problem
(14) to be reformulated equivalently as

T
W{I}g)th ; T (16a)
st 7, < SINR.,(W;,4'?)), Vi e K, Vt, (16b)
7 > Tk VkeK,Ve, (16¢)
(14b), (14c), (14e). (16d)

Due to the non-convex nature of constraint (14e) and (16b),
the problem (16) is still non-convex. By introducing auxiliary

variables u £ {ur},, ,» constraint (16b) can be expressed
by the following two constraints:

Tptrs <Dy Ry chyy, (17a)
picr = W (R=R Dhy s +o*hf! @, ®'h, 1, +07,
(17b)

, Vk € K, Vt. The left-hand side of (17a) is expressed with an
upper bound as follows:

T(g) (9)

t
ZM(Q)#k’t o ( )Tt,VkG(](Vt

Tk, < (18)

where T(Q) and t) are the obtained values at the p-th
iteration. Hence, (17a) can be convexified as

(g) (0)
2 k.t

okt (o) "

2u,’,
The left-hand side of the constraint (14e) can be convexified
by applying the first-order Taylor expansion, which is shown

as follows [21]:

Hw,>WH(Q)Hw(Q)+2R{ HO)py(w, — ~§9)}, (20)

where IT £ B v,v,” B and the aggregated beamforming vector
w; = vec(W;). The approximate convex formulation of (14),
corresponding to iteration o + 1, can be expressed as

T

D

t=1
st wOmw +or (W@ n(w, - %)) > T,

max

21
W, 1, u,Vt ( a)

21b)
Wi, >0, VkeX, 21c)
rank(Wy,) =1, Vk € K, 21d)
(14b), (14¢), (16¢), (17b), (19). (21e)

By relaxing the rank-one constraint, the problem (21) is
transformed into a semidefinite programming (SDP) problem
that can be effectively solved using CVX [40]. Since the
objective function of the original problem is upper bound, iter-
atively solving the reformulated problem in (21) and updating
the auxiliary variables 7, and ux, lead to a non-decreasing
sequence that converges to a local optimum. Nonetheless, the
beamforming matrix W’;( , derived from the SDR approach
may not always be rank-one. To assess the effectiveness of
SDR in this context, we introduce the following theorem,
which provides insights into the conditions under which the
relaxation is tight.

Theorem 1: The optimal solution to problem (21), denoted
as {Wk o My o T *}, is always achievable, and the matrix W
satisfies the condition rank(Wy ) =1 for each k € K.

Proof: Refer to Appendix A. -

Theorem 1 asserts that the optimal rank-one matrix W; ki
can always be computed for the given problem (21). Fur-
thermore, the optimal active beamforming vector wk’ , can be
derived by applying the Cholesky decomposition to W’,‘{ ;



C. ARIS Optimization

For given (v,(9+1),W,(9+1),¢,(Q),q§g)), problem (11) at it-
eration ¢ + 1 can be reformulated as

T
T Do SINRG 1" 00 @0
st P(W™ ¢) < Pris, Vi, (22b)
SINR. (W) ) > T\, Vk e K, V1, (22¢)
SNR,, (v\¢™V W) 4y > Ty, v, (22d)
a, < amax, YN EN, (22e)

where
PW;,6,) =1®@,G, W |17 + |0, AD, G, W,V
+ 02| D AD, |7 + 207 | @ | (23)
The objective function in (22a) is non-concave, while the
constraints (22b)-(22d) are non-convex. To address this, the

auxiliary variable y; is introduced, allowing the problem (22)
to be equivalently rewritten as

T
max 24a
Jmax le (24a)
st x; <SINR., (W'Y ¢,), VkeK,Vi,
(24b)
Y: =Tk, VkeK, Vi, (24¢)
(22b), (22d), (22e). (24d)

The problem in (24) is classified as non-convex due to the
non-convex nature of the constraints (22b), (22d), and (24b).
To handle this, we apply SDR to simplify the high-order
optimization problem into a quadratic optimization framework
[22]. Define o = [(/51,,, - ,¢N,I]H as the vector containing
the diagonal elements of ®,. By introducing an auxiliary
variable ¢ such that ¢ = 1, we construct the augmented vector
[0 = [o" (p*]H] and its corresponding covariance matrix
[O = 06']. Subsequently, the objective function and con-
straints in (24) are reformulated into linear and quadratic forms
of O, and the problem is solved using the SDR technique [22].
Let the equivalent channel between the BS and the k-th UE
be defined as Hy, = |G Diag(h, 1), hB,k’,]H. Accordingly,
th is expressed as 0" Hy ;. Furthermore, the remaining term
dy ; is represented as hf{k’tTr((f))hr,k,,0'2 + o-zz. As a result,
the constraint (24b) is reformulated as

Tr(R,0) - x;(Tr(R0) + o Tr(Oh, . Y, ) +072) >=0,
(25)
Vk € K, Vt, where the matrices R; and R, are given by R, £
Hk,tRHkH’t and R, £ H; (R - Rk,l)Hgt, respectively.
Next, we then reformulate the constraint (22b) into a
quadratic function of O. The first term in (23) can be articu-

lated as

Tr(®,A®,G,RG, ®,H; AH, ,®,) = |[M63,  (26)

where M| = LDiag(vec(AH)), and the positive semi-definite
matrix Iy ® (G,RG}!) = LoL¥. The second term in (23) can
be represented as

o Tr(®A®,H AH, @) £ [M,0]3, (27)

where M, = oDiag(vec(AH)). The third and fourth terms of
(23) can be given by

Tr(®,G,RG®,) = Tr(G,RGF 0), (28)

and

Tr(®7 ®,) = Tr(0). (29)

Therefore, constraint (22b) can be reformulated as

IM;6]12 + [M26]13 + Tr(G,RG O) + 20> Tr(0) - Prys < 0.
(30)
The left-hand side of the constraint (22d) can be convexified
as [22]

Tr (v BW,WHBAVE A1) > 2R (Tr (v BW, WHBI VA

~Tr (A7 viB W, WIBIVIATIA),
(€)Y
where A = vH (a'zz(]CCH + 02 EE” + 01y)v,. Further, the
constraint (22e) on the power amplification gain of the active

RIS can be expressed as [22]
[dlag(o)]n < Amax

where this provides an equivalent formulation of |a,|> <
Amax, Y1 € N. To summarize, the approximate convex program
for (24), solved at iteration o + 1, is expressed as

(32)

T

OI,I/\I/?,)\(f . ; Xt (33a)
sty =T VkeK,Vi, (33b)
diag(0)]n+1 = 1, (33¢)
Rank(0O) =1, (33d)
2R (Tr (Bw,wff B! A;l)) (33e)

~Tr (A;‘BiW,WtHBiHA;]A) > T, Vi,
(25), (30), (32). (33f)

The problem (33) can be transformed into an SDP problem
by relaxing the constraint (33d). After obtaining O by using
CVX, a rank-one solution is constructed using either the Gaus-
sian randomization method or the eigenvalue decomposition
approach.

D. UAV’s Trajectory Optimization

For given (VI(QH),WEQH),gb,(gﬂ),qt(g)), problem (11) at
iteration o + 1 can be rewritten as
T
_ : (o+1) (o+1)
gl’agctf(qt) = ZkzllanSINRk’t(wt 8,5

AT
st SINR., (W'D gy > vk ek v,

(34a)

(34b)
SNR,, (vierD) wierh) gletl)y s vy

(34c¢)
(1), (11h), (11). (34d)

We utilize the SQP algorithm, which is an effective iterative
method for tackling nonlinearly constrained optimization prob-
lems. Due to the presence of numerous nonlinear constraints,



the SQP approach is a good fit for the problem (34) that breaks
it down into a series of quadratic subproblems, in which,
each optimizing a quadratic approximation of the lagrangian
function subject to linearized constraints. The UAV’s position
in each time slot during the o-th iteration is represented as
q:,0- The lagrangian function £(q;) of the problem (34) is
expressed as follows:

K+1

L) = fla) + ) digian),

i=1

(33)

where f(q,) is the objective function, g;(q,) are simpli-
fied version of the inequality constraints of the optimiza-
tion problem, such as (11h), (11i), (34b), (34c) and A =
[A1, A2, .....Ak+1] represent the dual Lagrange multipliers cor-
responding to the constraints.

The SQP method converges in a finite number of iterations
for solving (34). At each iteration p, it transforms the opti-
mization problem into a QP subproblem:

1
EA(qt)TDk,tAQt +Vf(q)" Ag,

st 8i:Qro+V8ir(dro) Ag, <0, Vi,

min
Aq; (36)

where Dy, ; is the Hessian matrix of the lagrangian, and V f(q;)
and Vg; ,(q;, o) are the gradients of the objective function and
the constraints, respectively.

The SQP approach updates the pair of solutions (q;,,,4,)
to optimize the function L. Specifically, the dual La-
grange variables, the UAV’s 2-D location and trajectory vari-
able are refined by computing the correction vector s, =
[sT, g‘,z,QT]T at the o-th iteration. The update process is
expressed as follows:

Ar>(o+1) = dr,0 +ﬂllr,9 Sar.00 (37)

A1) = Ao +Br,0S 1,0 (38)

where Bq,,, and 8, , are non-negative step sizes determined
by line search methods to ensure convergence. The correction
vector Aq;, o is determined by solving the QP problem given
below
/l.g) Vg(qt)T Sq.0.t ] __ [Vq,-g(qt,ga/lg)]
Ve(ar) 0 —Sdo. 8(do)

V(zl,L(qt,g >
, where the first-order and second-order partial derivatives
are represented by V[L(q,,.4,)] and VZ[L(q,,Q,/lQ)] ,
respectively, where the Hessian matrix is denoted as V?[-].
Furthermore, in (35), the KKT conditions are employed to
solve the SQP quadratic problem. In particular, the condition
Vlq:.i(q:)]s+4q;,:(q;) = 0 is employed to ensure that the con-
straints remain active during each iteration. SQP progressively
refines the solution estimate with each iteration, converging
to the optimal solution in a finite number of iteration. The
step size parameters Sg, , and B, , are determined using a
merit function, ensuring the step size reduces the function’s
value. This approach can be implemented using standard
optimization tools like MATLAB’s CVX toolbox.

Finally, the optimal 2-D positioning of the UAV within the
coordinated framework can be determined by adhering to the
described steps. The proposed alternating algorithm for solving
problem (11) is outlined in Algorithm 1.

Algorithm 1 Proposed Iterative Alternating Optimization Al-
gorithm for Solving Problem (11)

Initialization: Initialize o := 0 and generate an initial feasible
solution (vt(o),Wt(o), (O), q; ) Vr.
1: repeat
2:  With (W<Q) ¢)(Q) q'?’), solve problem (13) to com-
pute the optimal v}, and update V(QH) =V},

3:  With (v, (e+]) W(Q) (Z)(Q),qtg)) solve the reformulated
problem (21) to determine W}, and update Wt(g R
W*

4:  With (V(Q+1) W(Q+1) q)(Q),q,(Q)), solve problem (33)
to find the optimal ¢}, and update ¢, (e+l) .~ = ¢F;

5. With (V,(QH) W(9+1) ¢(9+1),qt9)) solve problem (36)
to calculate g}, and update q,(QH) =q;

6: Fix pi=p0+1;

7: until Convergence criterion is satisfied.

8. Output: (v(g> W(Q) (Q),qtg)).

Convergence Analysis: Due to the iterative nature of Algo-
rithm 1, it is crucial to analyze its convergence to validate
its effectiveness. Let (V(Q) W<g) ¢)(9),qt9)) represent the
feasible solutions at the o-th iteration. The iterative optimiza-
tion process progresses as - - - (V(Q) W(Q) t(g),qgg)) —
(v (o+1) W(Q) ¢(9) (9)) — (V! Q+1) W(Q+l) (0) (@))

 (vlewD yylern ¢(@+1)’qt9)) s (vED wlerD e,

q,( ) — .... For problem (13) which involves solving the
Rayleigh quotient optimization, the process is constrained by
the largest eigenvalue. As a result, solving this problem leads
to a non-decreasing trend in the minimum SINR, expressed as

SINR(QH)( (o+1) W(Q) (9) qt(g))

> SINR(Q)( (0) W(@) ¢(9),qt(p)) (39)

Similarly, for problem (21) which is convex in W, and
solved as a maximization problem, the SINR continues to
improve, ensuring:

SINR(Q“)( (o+1) W(Q+1) ¢(9) (9))

’ l

> SINR(Q+1)( (o+1) W(Q) ¢(Q) (9)) (40)

On the other hand, ¢,9+1) is derived as the solution to
problem (33), the minimum SINR further satisfies:
SINR(9+1)( (o+1) W(Q+1) ¢(9+1) q(g))
> Yy

> SINR(Q"’U( (o+1) W<Q+l) ¢(Q)’qt(£7)) (41)

Finally, qt represents the optimal solution to the prob-
lem (36), and it can be expressed as

SINR(Q+1)( (o+1) W(QH) ¢(9+1), (Q+]))
> SINR(EH'I)( (o+1) W(Q'H) ¢(Q+l)’qt(g))‘ (42)

Thus, the minimum SINR, which serves as the objective
function, exhibits a monotonic, non-decreasing behavior at
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Fig. 3. Convergence behavior of Algorithm 1.

every iteration. Since the SINR, being inherently constrained
by the power budget and path loss, ensures that the algorithm
converges to a stable and well-defined solution. Although the
Gaussian randomization or maximum eigenvalue approxima-
tion for rank-one constraints may introduce some performance
degradation, the AO method guarantees convergence to a
locally optimal solution that satisfies the KKT conditions.

Complexity Analysis: The computational complexity of the
proposed algorithm plays a significant role. In each iteration,
the complexities associated with optimizing v;, W;, ¢,, and
q, are outlined as follows:

« Optimization of v,: This step involves eigenvalue de-
composition and the computation of optimal solutions
to maximize the minimum SINR. The complexity is
approximately O(M?) [39].

« Optimization of W,;: Solving problem (21) involves SDP
and eigenvalue decomposition to extract a rank-one solu-
tion. By applying the interior point algorithm, the com-
plexity of solving the SDP problem (21) without the rank-
one constraint is O(M*> log(e™')), where € denotes the
accuracy tolerance [41]. The complexity of the eigenvalue
decomposition required to recover the rank-one result is
O(KM?3) [39].

o Optimization of ¢,: Optimizing ¢, entails solving the
SDP problem (33) and performing a rank-one decom-
position. The complexity of solving (33), after relaxing
the rank-one constraint, is O(N*>log(e™!)), while the
eigenvalue decomposition to recover the rank-one solu-
tion requires O (N?) [39].

« Optimization of q,;: The complexity of solving the SQP
problem (36) is O(log(log(e~'))23), where the term
O(log(log(e™"))) signifies the rapid convergence char-
acteristic of the SQP method [42].

Overall, the computational complexity per iteration of Al-
gorithm 1 is O(M? + M*>log(e™") + KM?> + N*>log(e™!) +
N3 +log(log(e™1))23).

V. NUMERICAL RESULTS

This section provides numerical results to evaluate the
effectiveness of the proposed algorithm. The BS is equipped
with M = 4 antennas, enabling communication with K = 3
UEs while simultaneously sensing the target. The BS and the
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target are positioned at coordinates (0, 0) and (-10 m, 35 m),
respectively. The UEs are uniformly and randomly distributed
in a circular area centered at (5 m, 30 m) with a radius of
10 m [22]. The ARIS, consisting of N = 10 reflection units,
is initially positioned at (-50 m, 35 m). A threshold of 1 dB
is set for the sensing SNR. The system operates at a carrier
frequency of 2.7 GHz, and the target has a RCS of 1 m?. The
ARIS is assumed to have a maximum power amplification
gain of 4 dB. The channel bandwidth is set to 10 MHz, while
the noise power density at the BS, UEs, and ARIS is —174
dBm/Hz.

We use MATLAB 2022b and the SDPT3 solver to solve the
convex program, where the iterative process of each algorithm
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is terminated when the improvement in the objective function
between two successive iterations falls below 1073. The pro-
posed algorithm’s performance is analyzed by benchmarking
it against four reference schemes, detailed as follows:

» Fixed UAV’s trajectory with ARIS: In this scheme, the
ARIS optimizes its phase shifts and amplifies signals, but
the UAV follows a static, fixed trajectory.

« Active RIS: This benchmark uses an active RIS which is
installed in a fixed location like wall or rooftop.

« Passive aerial RIS with trajectory optimization: the UAV’s
trajectory is optimized to enhance SINR performance, but
the RIS is passive and can only reflect signals without
amplification.

« Passive aerial RIS with random phase shifts: This bench-
mark uses a passive RIS whose phase shifts are assigned
randomly without any optimization.

To simplify the representation in simulation figures, our
proposed system, the first, the second, the third, and the fourth
baseline schemes are labeled as ”Active Aerial RIS”, ”Fixed
Trajectory”, ”Active RIS”, ”Passive Aerial RIS”, and "Random
phase shifts”, respectively.

Fig. 3 illustrates the convergence behavior of Algorithm 1
in terms of minimum SINR. The algorithm converges to the
optimal value within approximately five iterations on average
across all cases, demonstrating its effectiveness.

Figure 4 illustrates the relationship between the minimum
SINR and the number of RIS elements. Apparently, the
minimum SINR significantly improves as the number of RIS
elements increases across all cases due to the higher degree of
freedom and diversity gain provided by additional elements for
manipulating wireless environment. Further, the effectiveness
of the proposed scheme is much higher than that of the fixed
trajectory scheme as the optimized UAV’s trajectory ensures
optimal positional placement for both communication UEs
and sensing the target. Besides, the proposed scheme con-
siderably outperforms both passive aerial RIS with trajectory
optimization and random phase shifts cases, confirming the
benefit of deploying active RIS. This is due to the active
RIS’s capability to overcome the impact of multiplicative
fading. Also, the active RIS with controllable amplitude offers
the advantage of channel enhancement over the passive RIS.
Additionally, the active RIS, with its ability to reflect signal,
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Fig. 8. The 2D UAV’s trajectory.

can boost the strength of the reflected signals directed towards
the UEs, further improving communication performance by
strengthening signal propagation.

Fig. 5 depicts the effect of BS’s antennas on the minimum
SINR. As expected, increasing M results in higher minimum
SINR for all schemes. This is because increasing the number
of antennas at the BS can provide more spatial diversity and
larger beamforming gains. Also, the proposed method attains
a superior minimum SINR compared to other alternative
baseline schemes.

Fig. 6 illustrates the relationship between the minimum
SINR of communication UEs and the required SNR sensing
threshold. Interestingly, the increase in the required sensing
threshold results in the degradation of minimum SINR of
communication UEs for all schemes. This occurs because
a higher required sensing threshold demands more power
for target sensing, leaving less power for communication,
which ultimately results in a decrease in the minimum SINR
of communication UEs. Thus, it underscores the trade-off
between sensing and communication performance.

Fig. 7 demonstrates how the maximum amplification fac-
tor influences the minimum SINR of communication UEs.
Unsurprisingly, the minimum SINR of communication UEs
considerably enhances with the increase in maximum ampli-
fication factor for the proposed and fixed trajectory schemes.
This is due to the fact that the greater amplification capability
of the active RIS significantly enhances the channel condi-
tions, thereby improving the minimum communication SINR
performance.

Fig. 8 shows the trajectory of ARIS as it moves from its
initial to optimized position using the SQP algorithm. Initially,
the UAV is located far from the UEs and the sensing target,
but as the optimization progresses, it gradually moves closer to
the UEs’ region. This movement helps strengthen the reflected
communication links and improves sensing performance, as
the ARIS can dynamically amplify and direct signals. The
UAV flies in a path that brings it to locations where it can best
serve multiple UEs simultaneously while maintaining effective
coverage of the sensing target, resulting in an improved overall
system performance.

Unlike passive RIS systems, where knowledge of the cas-
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caded BS-RIS-UE channel is typically sufficient for optimiz-
ing transceiver parameters and RIS phase shifts, active RIS
systems require access to the individual CSI of the BS-to-RIS
channel G; and the RIS-UE channel h, j ;. This is because cal-
culating critical performance metrics such as the communica-
tion SINR (7), the radar SNR (10), and the RIS transmit power
(11c) relies on precise knowledge of these separate links. How-
ever, acquiring such individual CSI is particularly challenging
in active RIS deployments due to their limited signal process-
ing capabilities. To account for these practical limitations and
illustrate the robustness of the proposed optimization scheme,
we introduce a benchmark that incorporates estimation errors
in both G; and h, & ;. A bounded CSI error model is adopted,
where G = G; + AG;, h,;; = h, 1, + Ah,;,, with G,
and ﬁr,k,t representing the estimated CSI at the BS. The
unknown errors AG; and Ah, ;, are bounded by [|[AG;||F <
UIGellr and  [[Ahy g (ll2 < dllhy k. [l2, respectively, where
t € [0, 1) denotes the relative degree of CSI uncertainty. This
formulation enables a more realistic performance evaluation
of the proposed system under imperfect CSI conditions.

Fig. 9 illustrates how the minimum SINR varies with
different levels of channel uncertainty. It is clear that the
minimum SINR drops significantly with the increase in the
channel uncertainty level, thus highlighting the detrimental
impact of imferpect CSI on the system performance.

VI. CONCLUSION

This study focuses on improving the sum of minimum
SINRs of communication UEs within the whole ISAC pe-
riod in an ISAC system that incorporates a UAV equipped
with an active RIS. The aim is to maximize the sum of
minimum SINRs of UEs within the whole ISAC period by
optimizing BS’s transmit beamforming matrix and receive
filter, the ARIS’s reflection coefficients, and the UAV’s trajec-
tory, while ensuring compliance with power limitations, and
SINR demand for UEs and the SNR target echo signal. To
address the complexities of this highly non-convex problem,
an efficient alternating optimization framework is proposed.
This framework integrates techniques including generalized
Rayleigh quotient optimization, SDR, MM framework, and
SQP to solve this intricate problem. Simulation results confirm
the rapid convergence of the proposed approach and demon-
strate significant improvements in the minimum SINR for the

ARIS-assisted ISAC system compared to systems with fixed
UAV’s trajectory, active RIS, passive RIS, or random phase
shifts. Our future work will focus on extending the proposed
framework to more practical scenarios involving imperfect
CSI, incorporating robust optimization techniques to address
estimation errors and uncertainties in dynamic environments.

APPENDIX A
PROOF OF THEOREM 1

When the rank-one constraint is omitted, problem (21)
becomes jointly concave with respect to the variables
{Wk.ts tir, ¢} and satisfies Slater’s condition [43]. Conse-
quently, strong duality holds, and the Lagrangian function
of problem (21) with respect to the variable Wy, can be
expressed as

7:{7-19 luk,la é’k,ls fk,t’ a’k,t’ 6k,t9 wk,t’ Qk,ta Wk,t}
= (it (Ps — Tr(R(Wi,)))
2
+ (PRIS - ) ¢,(Q)GWr“F -
+ i, (WZ,HWk,t) + 0kt (hgt (R-Rg t)hk,t)
(0) #z(f),)

t 2
o) Mt

o agiow], )

2

H
+ Wk ¢ hk,IRk,thk,t - i

t

+Tr(ﬂk’th’t) + &, (43)

where the variables 7y, tx s, {k.rs Ckots @k t> Ok 1> Wi r, aNd Qp 4
denote the Lagrange multipliers corresponding to constraints
(14b), (14c), (17b), (19), and (21b), respectively. Additionally,
€ includes all terms that are independent of Wy ;. To investi-
gate the structure of the optimal solution Wk ;» it is important
to verify whether the Karush-Kuhn-Tucker (KKT) conditions
for problem (21) are satisfied. These KKT conditions char-
acterize the criteria for optimal beamforming, which can be
given by

Q; Wi, =0, (44)
Voo 7 (Wi ) =90, - 95, =0, (45)
$r Chr @ s Ok 1o Wi s g, 2 0. (46)

The optimum Lagrangian multipliers are denoted as

e by 105wy > and Q |, while 9, can be repre-
sented as
02,1‘ = {]t,,IM - glt,t’ 47)
where £ = (* ( ¢(9)G“2 + )¢(9>A¢<9)GH2 ) +ot T+
k.t k.t t F t t F k.t

(h” hy ,) +wp, (h” hy ,) We assume that the largest
elgenvalue of the matrix &  is denoted by & € R. According
to equation (46), if &; [Pl 4 o then the condition 3,20
does not hold, which contradicts the assumption that g’ [P 0.



However, when &; | < ¢}, the matrix 0;; , is positive semidef-
inite, and its rank satisfies rank(¢}; ,) > M — 1. Therefore, we
can further derive that

rank(Q; ;) > M - 1. (48)

It is evident that the matrix QZ , can have a rank of either

M or M — 1. If the rank is M,’ the condition for optimal
power cannot be satisfied. In this case, the corresponding
beamforming matrix WZ , would have zero rank, meaning that
the BS would not transmit any signal. To prevent this, the
rank must be M — 1, ensuring that W}; ; lies within the null
space of € . As a result, the optimal beamforming matrix
is represented by a rank-one decomposition, where W;‘CJ is
the outer product of a vector WZ, . and its conjugate transpose.

This structure confirms that W} , is the optimal solution for

the beamforming problem (21).
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